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This Web Supplement contains two sections. Section A.1 discusses the proof of Proposi-
tions 2.1, 3.1, 3.2, and 3.3. Section A.2 presents hypothesis testing for the structure of the
mean difference in two independent sets of curves irrespective of their sampling design, as
well as in two dependent sets of curves densely sampled and the proof of Proposition 5.1, in

the setting of sparsely sampled curves.

A.1 One sample of functional data. Proofs

Proof of Proposition 2.1: Recall that the pseudo log-likelihood log Ef,(ﬁ, A) is defined in
equation (3). Solving the first order condition for 3, we get the maximum pseudo profile
likelihood estimation B(A) = (XTH; ' X)"'XTH;'Y. Let log L¢()) be the pseudo profile

likelihood when 3 is maximized out, i.e.,
2log Lg(\) = 2log Lg {B(N\), A} = —[log |[Hx| + {Y — XBO) Y HHY — XBOV)})-

Let log L% be the maximum pseudo log-likelihood under the null hypothesis (2). Then we
can decompose pLRTy into two parts, i.e.,

pLRTN = 2sup{log IAJ?()\) —log [AJ?(O)} + 2{log E§(O) —log ZO’N}, (A.1)
A>0

where the first part corresponds to testing for A = 0 and the second part corresponds to

testing for the fixed effects 3, = 0 for ¢ € ). In what follows we take each part at a time.
First part of (A.1). We first rewrite this part in a more convenient way and then prove

that it converges weakly to LRT,,(\'), which is defined by (4). Recall that Hy=In+)\Z27.



Define @,N as the kth eigenvalues of N=ZTZ for k = 1,..., K. Since ZZ7 has the same
nonzero eigenvalues as Z\T/Z\, we have, log ]fIA] = Zszl log(1 + )\N@gk,N).

According to Patterson and Thompson (1971), there exists an N x (N — p — 1) matrix
W such that WW7T = Iy — )A(()A(T)A()*l)?T, WIW = In_p-1. We have —QIOgE?(O) =
YIWWTY. By an application of the Woodbury matrix identity (Woodbury, 1950); see also
Harville (1997, p. 424) we can write

21og Ly (A) — 2log Lo (0) = AYTWWTZ(Ix + AZ"WWT2) ' Z"TWWTY
K

= Tlog(1+ AN ). (A.2)
k=1

Define Cpy as the kth eigenvalue of N~2ZTWW7Z and let ﬁZW be the K x K ma-
trix whose kth column is the eigenvector associated with Zk,N- Note that ZITWWTZ =
UAAdlag(N Cl Nooo- 7NQZK7N)[7§W and thus

K 032 K
~ wk‘N ~
2log Lg(N) — 210gL E — E log(1+ AN% N), (A.3)
— 1+ )\NQCk N

where @y, is the kth component of the column vector wy = N~/ 2(7§WZT/I/I7/I/I7T?

For simplicity of exposition we define

K A~ K
=y Ny > log(1+ N¢, ) (A.4)
k=1 1+ /\/Ck N k=1

and write 2 supy>q{log Z§(A)—log Z?(O)} = SUPy> ]/“\N(X). We will show that supy fN(X) =
supyso LRI (') in two steps:

(S1) fN(A’) converges weakly to LRT,.,()\) on the space of C[0, M], for M < oo;
(52) a continuous mapping theorem type result holds for sup,, Fv(X).

We show (S1) in two parts: 1) first prove that fN(X) A LRT,(X) and 2) then show
that fy(X) is a tight sequence (Billingsley 1968, p54). The definition of LRTs()\) is
similarly to that of fN()\’) except that Zk’N’s, Ek,N’s and Wy n's are replaced by (i’s, &'s
and wy’s. For the first part, it is sufficient to prove that wy n 2 W, EMV Eit (x, and
@,N Ei & for all k; Lemma A.1.1, discusses these results next. The weak convergence of
Fv(X) to LRTs(X), or in general, the finite dimensional convergence {fx(X,), ..., fx(X;)}
to {LRT(N)),..., LRT()\})} follows by an application of the continuous mapping theo-

rem.



LEMMA A.1.1. Let gw, Ek,N; and Wy be defined as above. Assume conditions (C2) and
(C3) of Proposition 2.1 are true. Then:

(a) For each k =1,..., K, as N — 0o we have é\k,N £>£k, Zk’N ER .-

(b) If in addition condition (C1) is true, then Wy B w, where w = (w1, ..., wk) is defined

by Proposition 2.1.

Proof: To show the results of Lemma A.1.1 we need to introduce additional notation.
Let Y, X, Z and W be defined similarly to Y )A(, 7 and W but with the & replaced by X,
and similarly define ék N, Ek ~, and Wy corresponding to @ N, Ek ~, and wy; for example
ék,N and kaV are exactly the quantities introduced by the Proposition 2.1 with the same
notation.

(a) We will show that &, — &, = 0p(1) and Go — G = 0p(1); then the result (a) follows by
applying Slutsky’s theorem and assuming the condition (C3). By using Theorem 8.1-6 of
Golub and Van Loan (1983) it is sufficient to prove that

IN=¢Z7Z — N=Z"Z|| = 0,(1) and (A.5)
INZTWWTZ — N2 ZTWWTZ|| = 0,(1), (A.6)

where [|A[| = />, >, a; is the Frobenius norm of some matrix A = (a;;); ;. These results

follow from applications of norm inequalities as well as continuous mapping theorem.
(b) Next, we prove the convergence in distribution of Wy. The idea is first to show that
Wy = w under the null hypothesis and then to show that Wy — Wa| = op(1).

Under the null hypothesis, we have Y = X3 + é and thus wy = N*Q/zﬁngTWWTé,
since WTY = WTé. Because & = ©7/2e it follows that & ~ N(Oyx1, [y) and thus Wy has
mean-zero multivariate normal distribution, since it is a linear combination of independent
normal variables. The result, Wy — W, is concluded by assuming condition (C3), using
Cramér-Wold device and an application of the (Lévy’s) continuity theorem.

We prove next that ||Wy —Wy|| = 0,(1). Recall that wy —wy = N‘E’/?(?%V?TWWTA—

N_Q/Qﬁ;FWZTWWTé and thus we have:

[§on — ol < 0% — Uk NP2 Wi e

UL IN-2(ZTWW T — ZTWWTe)|| (A.7)

Using norm and matrix manipulation one can show that |Uz;| = O,(1), ||l/]\2/w7 —

Uswll = 0,(1), [[N"¢2ZTWWTe|| = 0,(1), and ||[N~¢2ZTWW7Te — N~¢2ZTWW7g|| =
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0p(1).This concludes the proof of Lemma A.1.1. #

Next, we prove the second part of (S1). Using Theorem 8.3 of Billingsley (1968), it suffices
to show that for every &' and n’ > 0, there exists dp > 0 and N, such that for N > N,

1 ~ —~
3 sup | fn(t') — [n(t) =2 €'} <.
0 t<t<t+d

(A.8)

It is noteworthy to point out that for every d > 0, and every 0 <t <t <t +  we have

. . K K (t —tf K K N
[Ix() = Fn@)] < Dl =@y + ) log {1 + ’“N} < Z N Y,
k=1 k=1 k=1

1+tka

since @7N’s, &,N’s are nonnegative, it holds true log(1 + =) < x for > 0.

Let ¢ and 7' be arbitrary but fixed positive values. Then for every 6 > 0 we have

K
P{ sup | fn(t') — fv(t)] > € } Zp{wk,N > &'/2K0)} + Y P{&w > €/ (2K38)}(A9)
1<t/ <t+5 k=1
which follows from an application of the Bonferroni inequality, P (22251 A >a) < 22251 P{A; >
a/(2K)}, along with the observation that if Y7 A; > a holds, for variables {A; : i =
1,...,2K} then we must have that A; > a/(2K), for some 7. It is sufficient to show that
there exists dg = do(¢’, ") > 0 and Ny = Ny(¢’, 1) > 1 such that the the right hand expression
of the above inequality, with 0 replaced by &y, is bounded by &y’ for all N > Nj.
For the first term of (A.9) let Fj n(t) and Fj(¢) be the cumulative distribution functions of
Wiy and wy respectively, for k = 1,..., K. Because Wy y = wy, it follows that |Fj y(t) —
Fi(t)] — 0 for all ¢. Then it is not hard to show that for every § < &0 there is Nxs > 0 such
that 3o, P{@? v > ¢'/(2K8)} < o1/2 for all N > Nj.

Consider now the second sum of (A.9). For every summand k we have:

P{&n > €'/(2K0)} < Pl&n ></(2K8), |G — &l < &'} + P&y — & > €)

which is less or equal than P(|&y — & > €), for any 6 < &' /{2K (& + €')}; since for this
choice |EkN — &| > ¢’ and the first term equals zero. Because %\;C’N = & and & is constant,
we have that é\k N — & in probability. It follows that for every § < &’'/[2K{e’ + maxy(&)}]
we have that S>5 | P{&.n > '/(2K68)} < &1//2 for all N > N;*).

Combining the two findings, one can find suitable §y and Ny so that expression (A.9)
holds. This concludes the tightness proof of the sequence fN(X ).



To show (S2) we apply the continuous mapping theorem as in Crainiceanu (2003) and

use weak convergence result of (S1) for all M < oo; to save space we omit the details.

Second part of (A.1). Next we will show that there exists independent standard normal

variables v1, ..., vy such that

2log E?(O) —2log L*V = § V7, (A.10)
i=1

where #(@) is the cardinality of the set @ in the null hypothesis (2). We discuss the case
when #@Q > 0; if #Q = 0 then equation (A.10) is trivial.

Before we simplify the left hand side of equation (A.10), we introduce the following
definition. Partition 8 = (B(TI)WE[;))T, where B, contains all g, for ¢ € Q. Similarly,
partition X = (X(3y|X(2)) according to the partition of 8. We define X = S/2X,.
For any matrix A with linearly independent columns, denote by Sy = A(ATA)"'AT the
projection matrix onto the space spanned by the columns of A. In the special case when
#Q =p+1, X = X and X(;) does not exist, we use the convention that S)A((l) =O0nxnN.

Under the null hypothesis we have that Y = )?(1),8(1) + e Then 2log TON _—
~YT(Iy — 5)?(1))? = —@"(Iy — Sg, ), and 2log Lo(0) = —&T(Iy — Sg)e. Tt follows
2log E?(O) — 2log L0 = e’(S5 ;5}31))6. where S¢ — S&”E a projection matrix. rEilelre
exists a N x #@Q matrix such that WoW{ = S;(—S;(m and W Wy = I4¢. Denote o = W/'e.
Applying the same arguments as for the Lemma A.1.1, part (b) we can conclude that @;’s
are asymptotically standard normal independent variables assuming (C1), that the null hy-
pothesis is true. It implies that equation (A.10) holds, and in turn that (4) holds.

#Q 2
7 v; can be

The proof is now concluded, as independence between sup LRT,,(\) and >
established using the same techniques as in the proof of Theorem 3 of Crainiceanu (2003).

Hence Proposition 2.1 holds. #

Proof of Proposition 3.1: First the following regularity conditions are imposed:

(A1) The true parameter of the correlation structure @ = 6 lies in the interior of a compact

set.

A2) For any O € O, the functions dp(t,t';0)/00,, and 0*p(t,t';0)/00,00, are bounded
¢

bivariate functions of ¢,t’.



(A3) For any @ € O, the eigenvalues of the correlation matrix C;(0) of a generic subject i
are between 0 < g9 < 01 < 00.

Let C(8) = diag{C1(8) ..., C,(0)} be the true correlation matrix, and denote by C(8) its
estimate. Condition (C2) entails two parts: (a) 8;2aTC’(0) a—o,%a’C(0)'a=o0,(1), and
(b) 5-2aTC(0) e — 0,2aTC(0) e = 0,(1) where a € RV ||a|| = 1, e is the N-dimensional
vector of ; and N = >_" | m;.

To prove part (a) it is sufficient to show that: (al) a’C~'(@)a = O(1) and (a2)
a’{C~1(8) — C~1(8)}a = 0,(1). The result then follows by using 62 — 02 = 0,(1), the

? = 0,(1) and an application of the triangle inequality. Showing (al) is easy

observation
by using the regularity condition (A3). Consider now (a2).Let pg(t,t';0) = dp(t,t';0)/080,
for some time points ¢,¢ and let 9C;(0)/00, be the matrix with components @y, (t;;,t:;; 0)
for 5,7/ = 1,...,m;, where @ = (0,...,04)7. Fix | = 1,...,d, and denote by D;;(0) =

~10){0C;(0)/06,}C;1(0), which is 9C;'(0)/06;,. Using the regularity conditions (A1)-
(A3) is easy to see that ||C; 1 (8) — C;(8)| = O,(n~/2), where || A|| is the Frobenius norm of
matrix A, defined above. Moreover one can show that ||C;1(§)—C;1(0)|| <> 16,—6,| M,
for some M; such that supy ||D;i(0)|| < M; for alli =1,....,nand l = 1,...,d. It follows
that [C~1(6) — C~1(8)[|> = max; | C;(8) — C;7(B)[|> = 0,(1).

To prove part (b) it is sufficient to show that: (bl) a’C~*(@)e = O,(1) and (b2)
a’{C~1(0) — C~1(6)}e = 0,(1). To show (b1) it suffices to show that var{a”’C~'(0)e} =
O(1). This is easy to check since ||C;*(8)]|2 < oo for all i and ||a]| = 1. Consider now part
(b2). Let fae(@) =>_1 al'C;'(0)e;. Using the first order Taylor expansion of the function

fae(O ) around 0 we obtain;

fae(0) = fac(0) + (8 — )T 1 ,(6) + 0,(1), (A.11)

where [ ,(0) = 0fae(0)/06. We show that the vector n='/2f} (0) = 0,(1), by proving that
each of its components, n='/20 f, .(0)/96, = 0,(1), is 0,(1). Using condition (A3) we have

var{) _a/ D;,(0)e;} = Za2aTD” C;(8)D}(6)a;
i=1
which is finite, since m; < oo and [|C;(0)|| < oco. The result (b2) follows easily since
(5 — 0)7 f1.(8) = 0,(1), by employing the assumption (L3) of the proposition. #
Proof of Proposition 3.2: For illustration simplicity we assume that m satisfies assump-

tion (F2) and thus m = m, and t; = t;. Under the dense design, X; and Z; do not depend on
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i, and ¥ = I,, ® Xy, where the (7, j')th element of X is I'(¢;, ;) + 021(t; = t;7). It suffices

to show that (C2’) holds for any m-dimensional vector, a, ||a|| = 1, and ey = n~*/23 " e,
ie.
12" = 207 [l = 0,(1) (A.12)
a’S; ey —a’S; ey = 0p(1). (A.13)

Consider equation (A.12). Let T'° be the m x m covariance matrix obtained from the
covariance function I'(¢,#') evaluated over the set of observed points {ti,...,t,}%. Fur-
thermore denote by G = (gjk)i1<j<mi<k<m the m X M matrix of eigenvectors and by
A = diag{o?,...,0%,} the M x M diagonal matrix of associated eigenvalues correspond-
ing to I'°. Tt follows that g;x =~ 0k(t;)/v/m for k = 1,...,M and j = 1,...,m since
> i1 07(t;)/m is the Riemann approximation of the unit-valued integral [ 64(t)*dt =
In the new notation we write 3y = ¢2I,, + mGAG” and by using the Woodbury matrix
identity it follows that X' = 0721, — 07 2Gdiag{c?/(0? + 02/m)}+GT.

In a similar way, define G and A the estimated quantities corresponding to G and
A, respectively, for £k = 1,..., M and 20 = 020, + mGAGT. Following the assumption
165, — 65| = O,(n™*) we have ||g; — gi| = 16, — 6, = O,(n™®), where g, and g, are the
kth columns of G and G respectively.

We show (A.12) by using the Woodbury matrix identity for ia D'and ;' and triangle

inequality:
S-1 1 23 o T ) i
o -3 57 2Gdiag{ ——* 1, GT — Gd —F L GT
(P2 o |2 O, lag{/\z Ag/m}k Oc 1ag{ Q/m}k ,
+|8;2—a:2|,

since (a) 3, % 0% = 0,(1), (b)[|Gdiag{57/ (67 +52/m) G |2 = maxy {57/ (67 +52 /m) }x =

6%/(@% +52/m) = Oy(1), (¢) [|IG = G| = Oy(n™), (d) ||diag{5}/ (5} +52/m) — oF/ (0} +
a?/m)bel| = Op(n~m™1Y), (e) Soil, 0% < 0o as well as the unitary invariance of 2-norms
and the norm relationship || - [[2 < || - ||

We turn now to (A.13). Again we use Woodbury matrix identity and reduce (A.13) to

5 o2
T
Gdlag{/\2 AQ/ }k — Gdlag{—Q/m}kG = 0,(1),
under the assumption that 5.2 — 672 = 0,(n"%), since al’'e = O,(m'/?). Moreover, if the



number of eigenvalues M is finite, and (1 — 0, >02/m) = 1+ O(m™?) it suffices to show that

{53/ (0r +32/m) — 0}/ (o + 02 /m) }a' 88 e = 0,(1) (A.14)
a" (8 — gr)gie = Oy(n~"m'/?) (A.15)
a"gi(8r — gr)Te = Op(n*m'/?). (A.16)

Relation (A.14) follows from application of Chebyshev’s inequality and the following facts:
52/(2 + 52 /m) — 02/ (7 + 2 fm) = Op(nm™), |@ll = 1, llal] = 1 and [}e]] = O,(m"").

Relation(A.15) is obvious since gle = O,(m'/?) and |a” (g}, — gi)| = O,(n~). To show
(A.16) it is sufficient to show (g —gi)Te = O,(n~*m~'/2) which follows from an application
of Chebyshev’s inequality.

The result now follows using the assumption that O,(n=*m!/?) = 0,(1). This concludes

our proof. #

Proof of Proposition 3.3: Under the sparse design, 3 is a block diagonal matrix, with the
ith block equal to the m; x m-dimensional matrix 3; = 02(L,,, + K;) where K; = G;AGT|
G, is m; x M dimensional matrix with the (I, k)th element equal to 0y (t;), and A is M x M
block diagonal matrix whose (k, k)th component is 07 /%, Note that G; and A are defined
differently from the corresponding ones defined in the proof of Proposition 3.2. Similarly,
we can define 3; = 2T, + I/il), where K; = élKC‘.ZT Partition a and e in condition (C2)

into n vectors, a; and e; of length m;. To prove condition (C2), it suffices to show

[diag{E" — =7}l = 0,(1), (A.17)
Za?i;lei - Za?E;lei = 0,(1). (A.18)
=1 =1

Consider first equation (A.17). We make use of the well known inequalities: ||diag{A;}:||2 <

max; || Aill2, and [|A|l3 < ||Alli ||A]le for matrices A = (aj;);, Ai’'s, where ||All; =

max; y_;|ajy| and [|All = max; ), [a;;| are the 1 and oo matrix norm induced. The

result follows by noting that
IS = 27 s < 62 — 02 + 02| (T, + K)o [IKi — K|z [[(Tn, + K)o

and that max; |K; — Killeo = Op(n™®), max; |K; — Ki|j; = Op(n™®). In addition ||(L, +
IA{i)*1|| < 1and ||(I,, + K;)7!|| < 1 because both K; and K; are positive definite matrices,

and thus have positive eigenvalues.



Next we prove the validity of (A.18). Using Woodbury matrix identity, we rewrite each
term of the left hand side of (A.18) as

n n n

T -1 2 T ~2 TA (A-1 ~ATAN—1AT . .
E a, X, e = o0 E a; e — 0. E a, G,(A T+ G, G;) Gje;
i=1 i=1 i=1

Z a’Xle, = o? Z ale; — o’ Z al Gi(A '+ G/G;) 'Gle;,
i=1 i=1 i=1
where e; are independent m;-dimensional vectors with distribution N(0,3;). By an appli-
cation of the continuity theorem for S, = > jale; = > |ci|e;, where ¢ = a 3;a,
and ¢; are independent standard normal variables we find S, = Op(1), since ||%;]] <
o2(max; m;){tr(A) + 1} and Y1, ||a;]|> = 1. Thus (62 — 02) > ale; = 0,(1). It im-
plies that to prove (A.18) it is sufficient to show that

Y alGi(AT + GGGl = 0,(1) (A.19)
i=1

~

i=1

1

Consider equation (A.19). Because e; are multivariate normal with variance 3;, set ¢;
such that ¢ = al G;(A™' + GI'G;)'GI'E,G,(A™' + GI'G,;)"'Gla; and rewrite (A.19)
as S, = Y ., |cile;, for independent standard normal variables ¢;. It suffices to prove
that 7' | ¢? < oo, the result then follows from an application of the continuity theorem.
For this we show that there exists L < oo such that [|G;(A™' + GI'G;)'GI'E,G; (A~ +
GI'G,)"'GT|| < Lfor alli. This is not hard to show, because ||G;(A"'+GIG;) 'GI'E,G;(A 1+
GIG)'G]|| < |IGi(A™ + GTG;)'GT]2||%:]], and moreover ||G;|]? = tr(GI' G;) < M,
(A=Y 4+ GIG,)7Y| < MY2Ay; + M(max; m;)A2, and || ;]| < o2 (max; m;){tr(A)+1}. Then
L = o2M3A2 {1 + M'Y2A;; (max; m;) Y2 (max; m;){tr(A) + 1} is finite and satisfies our in-
equality.

We show next (A.20). Because the eigenvalues o and the eigenfunctions 6y (¢) are con-

sistently estimated, this reduces to showing that the dominant terms on the left hand side



of equation (A.20) are 0,(1). Equivalently, we need to show that

> al(Gi - G)(A™ + GIG) 'GTe; = 0,(1) (A.21)
=1
Z a;fFGi(A_l + G;‘FGZ)_l(aZ — Gi)TeZ' = Op(l) (A22)
=1
> alG (A + GIGy) ™ — (A + GTG)) ' }GTe; = 0,(1). (A.23)
=1

Consider now equation (A.21). The key idea is to use assumption (F1’), that for each
subject i, the observation time points ¢;; are generated uniformly from (¢1,--- ,t,). Note
that if ¢; = t; = t;, then Gy = Giny = gk(tj), where g;,; and g, are the [th element of gy
and g;. The left hand-side of expression (A.21) can be written as

Z a;[((/il — GZ>(A71 + G?Gl)ilG,LTeZ

n m; M
— Z Z Z ait(Gika — Gika) i

i=1 [=1 k=1

M m n my
= Z Z Z Z aiCip (Ging — giea)1(ta = t;)

k=1 j=1 i=1 I=1

M m
= D) {0(t;) — 0k(t, }Zzad% i =1), (A.24)
k=1 ]:1 =1 =1
where €], is the kth element of €, = (A™' + GI'G;)"'Gle; and 1(t; = t;) is equal to 1 if
tqy = t; and 0 otherwise. Set B, ; = > 1 > " agel 1(ty = t;). Because M is finite, it

suffices to show that, for each k&
Z{Qk — Ox(t;)} Bn,y)* = o(1); (A.25)

the result that expression (A.24) is 0,(1) follows then from an application of Bonferroni and

Chebychev’s inequalities. Simple algebra calculations points out that
Z{ek — 0,(t;)}B, > <n *E Z Baj)? <n7**m Y E(B}
j=1

using (F2'), that sup,cs 10,(t) — 0,(t)] = O,(n~%); thus to show (A.25) it suffices to show
that n=>*m 7" | E(B} ;) = o(1) as n — oc. This follows from O(n~**m) = o(1) and

— B @)t = 1)) = m B Y A e = 0m ), (A.26)

i=1 =1 =1 I=1
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using the independence between €/,’s and t;,’s, and the fact that E{1(t; = t;)} = m~'. For
the last equality of (A.26) we used the following observations: 1)||a|| = O(1), 2) E(¢'%,) <
tr{cov(e})}, and 3) |cov(e})|| < oo, where cov(e}) = (A + GI'G;)'GTE,G;(A + GI'G;)™!

Next we show (A.22) holds. Following a similar rationale, we rewrite equation (A.22) as

n n m; M
Z al Gi(A™' + GTG,) (G, — Gy)Te;, = Z Z Z iy, (Giwg — gina) " €31

i=1 =1 =1 k=1
M m N n  m;
= D D {0k(t) = 0kt DD aleal(ta = ty),
k=1 j—1 =1 =1

where a, is the kth element of a; = al G;(A'+ G/ G;) ™. Set C,,; = >0 S alpeal(ty =
t;), and denote by a’ the vector obtained by stacking a; over ¢ = 1,...,n. we have that
||a’|| = O(1). Using similar arguments as above, we obtain EC? ; = O(m™") for all j and
furthermore conclude that E[Z;nzl{@\k(tj) — 01(t;)}Cnj)* = o(1) and thus equation (A.22)
holds.

Finally, we show (A.23) holds. Direct calculations show that

> alG{(A '+ GIG) ' — (A +G/Gy)"}Gle

=1
> alGi(A '+ GIG) AT+ GG - A - G]G)(A '+ G]G))'Gle;.
=1

Using again the consistency of the eigenvalues and eigenfunctions, it suffices to show that
D alGi(A T +GIG) AT + GG — AT = GIG) (A + GTG)) Gl e; = 0, (17.27)

Use the notation of a and €} above. Simple algebra points out that (A.27) follows from the
following claims: 1) >°°  (a))” (GT Gl)Gie, =0,(1),2) Y"  (a )TGT(G G,)e; = 0,(1),
and 3) > (a))” (A1 — A el = 0,(1). We can use roughly the same ideas as earlier to
justify 1) and 2). Claim 3) follows from simpler arguments, as we now show. We notice that
3) can be re-written as Yon, (67/02 — 02 /0?) S0 S a1 (Ay = 02 /0?), which is 0,(1),
since for every k we have (Akk — Agi) = Op(n™) and Y7, ajel, = Op(1).

It follows that equation (A.20) holds and furthermore that condition (C2) is satisfied. #
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A.2 Two samples of functional data

AA.1 Independent samples of functional data

Let Y4 = Yia(tiq;) be the response at time point ¢;4; corresponding to the ith subject within
the dth sample, ford =1,2,i=1,...,ng,and j = 1,...,m;q. Asin Section 3.2 it is assumed
that t;;; € T for some bounded and closed interval 7. For simplicity we consider n; = no,
but our results can be extended easily to the case when n;/ny — a for 0 < a < oo. It is
assumed that, for each d = 1,2, the response Y;4(t;4;) can be modeled similarly to (6) as:
Yia(tiag) = pltia) + na(tiag) + Y Canbar(t) + €iay (A.28)
k>1
where p(+) is the overall mean function, pug(-) is the group specific mean deviation, and
{0a4x(t) : kE > 1} is the group specific orthogonal basis. For identifiability we assume that
t1+pe = 0. Moreover, the g1, are uncorrelated for all ¢, k and d, with mean zero and variance
E[&7 4] = 074, and €4 are assumed independent and identically distributed with mean zero
and variance Ee};] = o .. Denote by I'y(-, -) the group d specific covariance function and con-
sider its expansion in terms of orthogonal eigenfunctions, Tu(t,t') = >, -, 07 10ax(t)0ar(t'),
where fq are eigenfunctions and o3, > 07, > ... are ordered eigenvalues for d = 1,2.
We assume that for each group the covariance function admits a finite number of non-zero
eigenvalues. Our theoretical arguments are based on the additional assumption that {&g }«
and eflj are jointly Gaussian distributed.

The main objective is to test that the group mean functions are equal, or equivalently
that g1 = 0. Irrespective of the sampling design (dense or sparse), we assume that the
set of pooled time points, {t;4; : 4,7} is dense in T for each d. Our methodology requires
that the same sampling scheme is maintained for the two samples of curves, e.g., the curves
are not densely observed in one sample and sparsely observed in the other sample. (One
could extend the theory to the case of one sample being densely observed and the other
sparse, but data of this type would be rare so we did not attempt such an extension.) We
use quasi-residuals, Zdj = Yia(tigj) — B(tig;), where i = (1 + f12)/2 is the average of the
estimated mean functions, jiy for d = 1,2, which are obtained using the pooled data in
each group. Because of the identifiability constraint, the estimated ji can be viewed as a
smooth estimate of the overall mean function . We assume that the overall mean function
is estimated well enough (Kulasekera, 1995), so that ffidj can be modeled similarly to (A.28),
but without . Thus, we assume that 4 = 0 and that the null hypothesis is y; = 0. We
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model y;(¢) by pth truncated power polynomials: p(t) = 2,8+ z;b, where b is N (0, 021x).
Let X4 denote the m;; x (p + 1) dimensional matrix with the jth row equal to z, 4 and
let X; = (X7 | — XL]T, and analogously define the m;q x K matrices Z;q’s for d = 1,2 and
construct Z; = [Z% | — Z5]7 respectively. Here the vertical bar separates submatrices.

Denote by ?l the mj;-dimensional vector obtained by stacking first 21]’78 over j =
1,...,m;1, and then ﬁzj’s over j = 1,...,m;, where m; = m;; + my. It follows that,
the m; x m;-dimensional covariance matrix of ?i, denoted by ¥; = diag{X;1,X;2} is a
block diagonal m; x m; dimensional matrix, where ¥; 5 is m;q X m;4-dimensional matrix with
the (7, ') element equal to I'y(ti4;, tigjr) + 03761(]' = j') for d = 1,2. We can rewrite Y, using
a LMM framework as \?l = )Nilﬂ + Zb + e;, where e; is m;-dimensional vector, independent
over ¢, with mean zero, and covariance matrix given by 32; described above.

Thus the hypothesis p; = 0 is equivalent to Hy : 3 = 0 and 07 = 0 in (2); the pseudo
LRT can be applied as discussed in Section 3.2, where the estimator ) replaces X, ; and
32 with their estimators, ii,l and 212 The estimators ii,l and 2172 can be obtained as
discussed in Section 3.2. Therefore, presuming that the data are densely sampled, condition
(C2) of the Proposition 2.1 is met, under the assumption that (F1)—(F2) hold for each of the
two samples. Likewise, in the sparse sampling design, (C2) is met under the assumption that
(F17)—(F3’) hold for each of the two samples. It follows that under these assumptions and the
additional assumptions (C1) and (C3) of Proposition 2.1, the asymptotic null distribution
of the pseudo LRT for testing the equality of the group mean function is given by (4).

AA.2 Dependent samples of functional data, densely sampled

Assume now two dependent sets of curves, and furthermore consider that in each set, the
curves are densely sampled on a common grid of points ¢;4; = t; and m;q = m for all 4, d,
j. Denote by {t1,...,t,} the common grid of points at which every curve is measured, and
denote by E(tj) = Yio(t;) — Yi1(¢;) the ith pairwise difference. Using ﬁ(tj) reduces the data
to a one-sample problem and allows us to apply the theory in Section 3. Note that ﬁ(tj)
has a similar KL expansion as (6), i(tj) = =21 (t;) + D1 61027l<tj) +€(t;), where Ci's can
be viewed as principal component scores, are uncorrelated and have mean zero and variance
equal to 203;. Also, &(t;)’s are independent and identically distributed as N(0,207). To
assess the hypothesis that p; = 0, one can apply the pseudo LRT, as discussed in Section
3.2. In particular the conditions required by Proposition 3.2 involve only the estimation of

the covariance function I'y and of the noise variance o2.
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AA.3 Dependent samples of functional data, sparsely sampled

Proof of Proposition 5.1: Under the sparse design, ¥ is a block diagonal matrix, whose ith

block is the (m; + my2) X (mi1 + my2) dimensional matrix

i X
3= 7;“ 2 (A.29)
Zi,lQ EZ'722

where X, 40 = 02(I,, + Gl,idAlG{id + G27idA2G£id) and X, = afleﬂAlGlT’ﬂ. Here
Giiq and Gg,q are m;g x M; and m;q x M, dimensional matrices respectively, with the
(4, k)th element and the (j,{)th element equal to the eigenfunctions 6y y(tq4;), and 62;(ti4)
respectively, and A; and Ay are the M; x M; and My x Ms block diagonal matrices whose
(k, k)th and (I,1)th components are o7 /0 and 03,/0? respectively. Similarly, define 3 by
replacing 02, G, 4, A, with their respective estimators, for ¢« = 1,2. Partition a and e into
n vectors, with a; = (al},al,)” and e; = (el,ek)T of length m;; + m;. We want to prove

condition (C2),

Zafﬁ;lai - Za{E;lai = 0,(1), (A.30)

i=1 i=1
Z al-Ti;lei — Zafﬁ[lei = 0,(1). (A.31)

i=1 i=1
The equality (A.30) follows from assumption (M3’), which implies that max; Hémd —
G|l = 0p(1), max; H./AXLZZ — A, iil| = 0p(1), and 72 — 02 = 0,(1) and from the continuous
mapping theorem, which implies that max; ||§31_ ' — 37| = 0,(1). The proof is concluded

since S, [lail|? = O(1).

We turn to equality (A.31). We re-write 3; ' using inverse of the partition matrix as

5t - Vil EEVE (=0 (57
Z BTV Vo S (B

follows:

where V1 = X, 11— 2i7122i_72122212, and Viy = X 90— 25122;7111 3,12 Similarly, we can define
i;l by replacing the quantities with their estimates. The left hand side of equation (A.31)
can be decomposed into vy1 + vig + V21 + vag, Where vg = >, a%([ﬁ;l]sl — [ a)eq. Tt is
sufficient to show that vy = 0,(1) for 1 <s,1 < 2. These results can be derived using similar
techniques as in the proof of the Proposition 3.3, but they involve more tedious algebra. In

the interest of space the details are omitted here; however for completeness they are publicly

available on one of the authors’s website. It follows that our proof is concluded. #
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